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1. Introduction 
The trigamma function, a member of the family of polygamma functions, is the second 
derivative of the logarithmic gamma function and can be written as 
ql(x) =/me-Xf(l - e-‘)-‘dt, x > 0, 
0 
(l.la) 
or 
cc 
J/t(x)= c (i+x)_*, x=-o; 
i-o 
(l.lb) 
see [4, (6.4.1) and (6.4.10)]. Some authors denote (l.lb) by 532, x) and call it a zeta function; see, 
for example, [2, (9.5.21)]. It arises in maximum likelihood estimation of stochastic models which 
involve the gamma function. Examples are the gamma distribution and the beta distribution. We 
want to show that the inequality 
M-4 - 4(4 < 0 0.2) 
holds for all x > 0 and 0 < (Y < 1. This can be viewed as a characterization of the curvature of this 
function. The inequality provides a sufficient condition for the definiteness of the information 
matrix in certain linear models. 
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2. Proof 
We first note that (1.2) is equivalent to 
xlcl,(x) <YIcl,(Y). x ‘Y’ 0, (1.3) 
that is, f(x) := xlc/t( x) is strictly monotonically decreasing. Secondly, the substitution t = log(l/s) 
in (l.la) gives 
Expanding log(s) = log( 1 + (s - 1)) we get 
~,(~)=~‘~,~~(-l)j~(~-““‘d 
=,~o&/‘P(l -r)ids=,ga+x. j+ 1) 
0 
(1.4) 
0.5) 
where B( ., .) d enotes the beta function. Since for integer j 
B(x, j+ 1) = 
r(xV(j + 1) = j! 
T(x+j+ 1) x(x+l)...(x+j)’ 
the trigamma function can be written as follows: 
~l~x~~,~o~x(x+l~(x~~)~~~(x+j)’ 
and therefore f(x) = x#,( x) is strictly monotonically decreasing as asserted in (1.3). 
(l-6) 
3. Remarks 
Remark 1. The crucial step in the proof is to start from (1.4). This idea is due to Hans-J&g StoB. 
Remark 2. Since the terms l/(i + x)~ in (l.lb) are positive and strictly decreasing, we have the 
following chain of inequalities: 
E (i+~)-~</~(s+x)-~d~< i (i+x)-*; 
i-2 1 i=l 
see e.g. [l, p. 3971. Using jI”(s + x)-2ds = l/(1 + x) we get 
(3.1) 
and 
These inequalities should be compared with the ones given by Mitrinovic [3, p. 2881: 
(3.2) 
(3.3) 
1 
+1(x) <- x-l’ 
x> 1. (3.4) 
G. Ronning / Trigumma function 399 
Since 
1 +l=l+ 1 1 
1+x _x* x x*(l+x)‘7 
the lower bound given by (3.2) is sharper and holds for all positive x. Secondly, a straightforward 
manipulation of inequalities shows that 
1 1 1 1 
l+x+(l+x)*+x2<x-l~ 
x> 1. 
Therefore, (3.3) gives an upper bound which is sharper than (3.4). Moreover, it holds for all 
positive x. I first tried to prove (1.2) starting from (l.lb) and using (3.2) and (3.3) However, 
counterexamples generated on the computer showed that this approach would be unsuccessful. 
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